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Phonon instabilities in bcc Sc, Ti, La, and Hf
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The lattice dynamics of the elements Sc, Ti, La, and Hf in the bcc structure is studied using the density-
functional linear-response theory. The elements exhibit similar phonon instabilities which cover large parts of
the Brillouin zone. In particular, the entireT[11̄0]@jj0# branch, where the zone-boundary phonon is responsible

for the bcc→hcp transition, and theL@
2
3

2
3

2
3 # mode (bcc→omega) are unstable. However, theT@jjj# branch

is unstable for all elements except Sc, and Ti and Sc exhibit distorted bcc energy minima not seen in the other
elements.
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There is a series of early transition-metal elements~Sc,
Ti, Y, Zr, La, Hf! exhibiting a low-temperature close-packe
phase and a high-temperature bcc phase. Measured ph
dispersions for these elements in the bcc phase are d
nated by low-energy phonon modes interpreted as struc
phase-transition precursors.1–5

The stability of the high-temperature phase has been
tributed to the vibrational excess entropy of these low-ene
phonons. First-principles total-energy studies6 of a few high-
symmetry phonons in bcc Zr have revealed that some p
non modes are not only soft but even dynamically unstabl
T50 K. It has been suggested that anharmonic effects st
lize these modes at high temperatures. However, the e
mechanism of this high-temperature stabilization is still u
certain. Classical7 and tight-binding8 molecular-dynamics
simulations can provide some insights into the anharmo
dynamics of these systems, although they are often hamp
by the accuracy of the underlying force-field model. For
stance, it is important that the employed potential mod
reproduce allT50 K dynamical instabilities and structura
energy differences.

In the present work we perform systematic first-princip
phonon-dispersion calculations for the bcc structures of f
representative elements which all exhibit a high-tempera
bcc phase: Sc, Ti, and Hf which are hexagonal close-pac
and La which is double hexagonal close-packed at low te
perature. Our results can be used not only to assess th
curacy of potential models in molecular-dynamics simu
tions, but also in the more general context of understand
lattice instabilities. In particular, dynamical phonon instab
ties are often discussed in terms of transformation path
energetically more stable high-symmetry structures. S
studies usually concentrate on particular well-known tran
tion paths and corresponding phonon modes and thus
miss unsuspected instabilities. By systematically calcula
the complete phonon dispersions we can probe deeper
the nature of dynamical instabilities and reveal new unsta
modes that are not directly related to any known structu
transformation paths.

We use density-functional theory9 in the local-density ap-
proximation~LDA !.10 The phonon frequencies are calculat
using the density-functional linear-response method.11–13

The calculations are performed using a plane-wave basis
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and norm-conserving pseudopotentials.14 Extendeds and p
semicore states of Sc, Ti, La, and Hf are treated as vale
states. Thef bands in La and Hf are not included. Previo
calculations of the lattice dynamics and equilibrium prop
ties in fcc La~Ref. 15! have found that the effects due to th
almost empty 4f bands are rather small. The core radii a
chosen to be between 2.4 and 2.6 a.u. This scheme allow
a total-energy convergence better than 0.2 mRy/atom for
off energiesEcut530 Ry for La and Hf andEcut540 Ry for
Ti and Sc. The Brillouin-zone summations are carried out
a 16316316 Monkhorst-Pack16 grid and the electronic
states are populated according to Fermi-Dirac statistics w
T51272 K which is representative of the temperature wh
the studied elements are experimentally observed in the
phase~Sc:1608 K, Ti:1155 K, La:1134 K, Hf:2016 K!.17

Table I shows the calculated and measured values
equilibrium lattice parameters and bulk moduli, which can
used to estimate both the accuracy of our pseudopoten
and the local-density approximation for the studied syste
Comparison of pseudopotential~PP! and full-potential
linear-augmented-plane-wave18 ~FP-LAPW! results demon-
strates that the inaccuracies introduced by the PP approx
tion are negligible. However, both PP and FP-LAPW eq
librium lattice parameters are too low in comparison with t
experimental values, which can be attributed to the w
known overbinding phenomena of LDA.19,20 This overbind-
ing leads to calculated elastic constants~cf. Table II! and
phonon frequencies~cf. Table III! that are usually higher by
10–20 % than the experimental values. Having establis
the accuracy of the LDA and of the constructed pseudo

TABLE I. Equilibrium lattice parameters and bulk moduli fo
the T50 K stable phases of Sc, Ti, La, and Hf.

a(a.u.) B(Mbar)
Element Struc. PP LAPW Expt. PP LAPW Expt

Sc hcp 6.01 6.05 6.25 0.59 0.61 0.44
Ti hcp 5.39 5.41 5.57 1.33 1.25 1.05
La dhcp 7.00 6.83 7.12 0.33 0.32 0.24
Hf hcp 5.87 5.88 6.04 1.19 1.20 1.09
11 221 ©2000 The American Physical Society
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tentials for Sc, Ti, La, and Hf, we proceed to study dynam
cal properties of the bcc structures of these elements.

Figure 1 presents the calculated phonon dispersion cu
n(q) for bcc Sc, Ti, La, and Hf at their respective equili
rium volumes where2unu is plotted whenn2(q),0. A
third-order spline is used to interpolate between the dire
calculated frequencies. In Fig. 2 we show a few select p
non branches scaled to theH-point phonon frequency value
to illustrate the most interesting similarities and differenc
between the elements.

The elastic constantC85 1
2 (C112C12), manifested in the

long-wavelength part of the transverse branch along@jj0#

with the polarization vector along@11̄0# ~cf. Table II!, is
negative. This implies an instability towards the fcc structu
through Bain’s path. Figure 3 presents the trigonal and
tragonal distortions24 of the bcc structure for all the elemen
in this study. There is a metastable~with respect toC8 dis-
tortions! tetragonal structure aroundc/a50.84 for Ti, Hf,
and La but not for Sc, which exhibits a shallower minimu
at c/a50.92. A shearing of the bcc crystal intoc/a50.84
corresponds very well to the transformation of (110)bcc
planes into (001)hcp planes. Since the bcc crystal needs to
sheared toc/a50.816 to reach the hcp phase we conclu
that this motion in Sc has to take place simultaneously w

~or after! the distortion corresponding to theT[11̄0]@
1
2

1
2 0#

phonon mode.
The entire transverse@jj0# branch with polarization

along @11̄0# is unstable. The zone-boundary mode of th

branch, T[11̄0]@
1
2

1
2 0#, has been studied in sever

TABLE II. Calculated elastic constants for bcc Sc, Ti, La a
Hf ~upper table! and linear combinations of the elastic constants
which the acoustic velocities (v2}(ai j Ci j ) are related for the dif-
ferent high-symmetry branches in a cubic structure~lower table!.

Element C11(Mbar) C12(Mbar) C44(Mbar)

Sc 0.4 0.6 0.3
Ti 1.2 1.4 0.2
La 0.0 0.5 0.1
Hf 0.9 1.3 0.4

Branch T1 T2 L

@j00# C44 C44 C11

@jj0# C112C12 2C44 C111C1212C44

@jjj# C112C121C44 C112C121C44 C1112C1214C44
-

es

ly
-

s

e
-

e
e
h

systems,25–28 since it, together with an elastic strain asso
ated withC8, gives a possible path for the martensitic bcc
hcp transformations.

We observe that theT[11̄0]@
1
4

1
4 0# phonon mode provides a

transition path~together withC8) from the bcc to the dhcp
structure. A pressure-induced softening for this mode in
has been noted in an earlier first-principles work.29 The

T[11̄0]@
1
3

1
3 0# phonon transforms~together withC8 and a tilt

of the bcc@110# axis! the bcc structure to the 9R structure.
This mode has been studied primarily in Li and Na,30,31

which both show a low-temperature transformation from b
to 9R. In Fig. 2 we see a marked difference between
T[11̄0]@jj0# branch in La compared to the other elements.
lanthanum, which is double hexagonal close packed at
temperatures, the minimum of theT[11̄0]@jj0# branch is po-
sitioned well before the zone boundary. This is due to
steeper phonon instability towards the dhcp and 9R struc-
tures than to the hcp structure. However, the path to all th
structures include aC8 distortion and in the case of 9R a tilt
as well asC8, which makes it difficult to draw conclusion
about the relative stability of the phases from small diffe
ences in the phonon frequency. Total-energy calculations
La at zero temperature reveal that 9R is 0.7 mRy/atom above
the dhcp structure.

A broad instability occurs around theL@ 2
3

2
3

2
3 # mode. This

FIG. 1. Calculated phonon frequencies of bcc Sc, Ti, La, a
Hf. The longitudinal branch is the dashed lines and the transv

branches are solid lines except for the@11̄0# polarization in the
@jj0# direction which is dot dashed.
TABLE III. Experimental and calculated phonon frequencies for hcp Sc, Ti, and Hf at theM point.

n (THz)
Work TAi TA' TO' TOi LA LO

Sc Calc. 3.66 4.18 6.71 6.43 5.79 6.57
Expt. ~Ref. 21! 3.57 3.97 6.23 6.11 6.21 6.23

Ti Calc. 3.52 3.46 6.84 7.09 8.16 8.50
Expt. ~Ref. 22! 3.4 3.82 6.06 6.95 7.1 7.69

Hf Calc. 1.95 2.16 3.72 3.70 4.26 4.30
Expt. ~Ref. 23! 2.08 2.35 3.5 3.62 3.85 4.3
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mode has been studied extensively6,25,32from first principles,
particularly in bcc Zr where it was found to be unstable
zero temperature. Experiments at high temperatures for
elements in this study all show a pronounced softening aq
5@ 2

3
2
3

2
3 # for the longitudinal mode.1–4 It has been argued

that the weakness towards thev structure in these elemen
should be seen as an intrinsic property. It is also importan
point out that the minimum of the longitudinal branch isnot
positioned atj5 2

3 but rather atj5 7
12 for all elements excep

Sc.
The @j00# direction shows an anomalous crossing of t

longitudinal and the transverse branch which is not obser
experimentally in the high-temperature bcc phases of e
transition metals, suggesting that it is most likely suppres
by strong anharmonic effects. In Nb, this anomaly is see
ambient conditions but vanishes at high temperatures33 and is
explained as a consequence of the highly anisotropic Fe
surface.34 From Fig. 2 we note that the anomalous crossing
remarkably similar for all elements except for La.

A large part of the transverse@jjj# branch is unstable fo

FIG. 2. Relative phonon frequencies for selected branche
bcc Sc, Ti, La, and Hf scaled to theH-point value. TheT1@jj0#

branch has the polarization vector@11̄0#.

FIG. 3. Energy for distortions of the bcc structure correspond
to the elastic constantsC8 ~upper panel! and C44 ~lower panel!.
Note that thec/a ratios refer to different axes for the two distortion
~Ref. 24!.
t
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Ti, La, and Hf which is surprising since experiments sho
no anomalous damping of this branch. This is also a sign
cant difference between the elements in the study since
instability is not present in Sc, cf. Fig. 2. To study the ins
bility of the T@jjj# branch we performed frozen-phono
calculations for two phonons in the beginning and the end

the most unstable region, i.e.,q5@ 1
3

1
3

1
3 # andq5@ 1

2
1
2

1
2 #. Fig-

ure 4 shows the energy for distortions corresponding to

modesT[11̄0]@
1
3

1
3

1
3 # and theT[112̄]@

1
3

1
3

1
3 # in Ti which are rep-

resentative of the behavior of theT@jjj# branch phonons we
have studied. Also, for comparison, we include the resu

for theT[11̄0]@
1
2

1
2 0# and theL@ 2

3
2
3

2
3 # modes. The minima for

the T@ 1
3

1
3

1
3 # phonons are very shallow which suggests th

these phonons alone do not provide a path to a significa
more stable structure. The simplest explanation for the br
instability of the transverse branch is that it results from
combination of the instability in theq→0 limit, due to nega-
tive value ofC112C121C44 ~cf. Table II!, and the degen-
eracy of the transverse and longitudinal branch atq

5@ 1
2

1
2

1
2 #.

The long-wavelengthT[001]@j00# modes, corresponding
to C44 ~cf. Table II and the lower panel of Fig. 3!, are stable.
From Fig. 3 we also observe that Ti has an additional m
mum at c/a50.51. We performed linear-response calcu
tions for Ti at the trigonal distortionc/a50.51, which
showed that theT[11̄0]@jj0# and L@jjj# branches still ex-
hibited deep instabilities, but theT@jjj# branch was stabi-
lized except for a sharp instability atj5 1

3 . This also suggests
that theT@jjj# branch is strongly coupled to other disto
tions and may be stabilized at low temperatures by
atomic motions. This would explain why no softening of th
branch is seen in experiments.

In conclusion, we have calculated the phonon dispersi
for four representative elements in their high-temperat
bcc structure. Instabilities occur in large parts of the zo
and are common to all elements except for a broad instab
of the T@jjj# branch, which is not seen in Sc. TheL@j00#
branch exhibit phonon anomalies which are almost ident
in Ti, Sc, and Hf, but slightly different in La. These have n
been seen in experiments. It is also interesting to note
differences in the energy surface around the bcc struct
All elements except Sc have pronounced minimum atc/a
.0.84, which corresponds very well to the shearing of
bcc planes into hexagonal ones. The distortion correspon

of

g

FIG. 4. Energy for distortions of the bcc structure in Ti corr

sponding to theT[11̄0]@
1
3

1
3

1
3 # ~long-dashed!, T[112̄]@

1
3

1
3

1
3 # ~solid!,

T[11̄0]@
1
2

1
2 0# ~dot-dashed!, andL@

2
3

2
3

2
3 # ~dashed! phonons.
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to the elastic constantC44 yields in Ti a minimum, not
present in the other elements.
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